We examine deviations from Boltzmann-Gibbs statistics for a certain class of partially equilibrated systems of finite size. We find that such systems are characterized by the Lévy distribution whose non-extensivity parameter is related to the number of internally equilibrated subsystems and to correlations among them. This concept is applicable to relativistic heavy ion collisions.
Introduction
Non-extensive statistics introduced by Tsallis [1] has become a topic of substantial interest and investigation in many areas of physics including condensed matter, nuclear, and high energy physics. At the center of such considerations is the power-like Lévy distribution
where 1 ≤ q < 2 and C q is the corresponding normalization constant. If the first moment of this distribution is required to be finite then q ≤ 3/2. In the limit q → 1 this reduces to the standard Boltzmann-Gibbs exponential factor,
In this case the parameter λ 0 ≡ 1/β 0 can be interpreted as the temperature of the system in statistical equilibrium. (The Boltzmann constant is set equal to unity.) On the other hand the meaning of Eq. (1) is not always perfectly clear for q = 1. Wilk and W lodarczyk [2] have shown that the Lévy distribution naturally arises as the mean of the Boltzmann-Gibbs factor over a Gamma distribution of the temperature parameter, 1/λ = 1/T , with mean 1/λ 0 without, however, specifying the origins of the Gamma distribution.
In the same article these authors have shown that the parameter q is determined by the diffusion coefficient and the dumping constant in the Fokker-Planck equation, i.e., the Langevin equation describing gaussian white noise. These observations can be further elaborated upon by finding a possible way in which the Gamma distribution arises and examining the related interpretation of the non-extensivity parameter q. Tsallis' statistics, initially introduced to describe fractal properties of various systems, maintains the general structure of thermodynamics. Formal analogies between such statistics and the so-called q-oscillators have been established by means of q-calculus and use of Jackson derivatives [3] . This statistics has found applications in many phenomena including modifications of solar neutrino fluxes [4] , fluctuations and correlations in high-energy nuclear collisions [4, 5] , the long-flying component of cosmic rays [6] , chaotic transport in laminar fluid flow [7] , subrecoil laser cooling [8] , and others. It has also been incorporated into fractional quantum statistics [9] .
Gross and Votyakov [10] have investigated the statistical properties of small systems (systems whose size is comparable with the range of internal interactions) and have concluded that, in this case, the grand-canonical distribution is not appropriate and the thermodynamic limit cannot be taken. Such systems are non-extensive. Earlier Prosper [11] had studied temperature fluctuations in finite-size heat baths and shown that the energy distribution of a thermometer is, in fact, binomial. It appears that finiteness of the system size and correlations between its parts due to long range interactions can lead to substantial deviations from the widely-used Boltzmann-Gibbs distribution. An exhaustive coverage of all work related to Tsallis' statistics can be found in Ref. [12] . Beck and Cohen [15] introduced a generalized Boltzmann-Gibbs factor leading to the concept of "superstatistics" and Tsallis and Souza [16] constructed a statistical mechanics for such superstatistics. Recently studies on multiplicative noice revealed the presence of power-law tails [17] . In this article the notion of non-extensivity is examined for a class of partially equilibrated systems.
Derivation of the Lévy Distribution
It will be shown how the Lévy distribution can arise for finite-size, partially equilibrated systems and the meaning of its parameter, q, will be investigated. An ensemble of finitesize system replicas each subject to the constraint of fixed total energy, E [13] is the starting point of these considerations. Each member of the ensemble [14] , consists of finite-size subsystems each of which is in internal statistical equilibrium corresponding to some temperature, T . The size of the subsystems and of the whole system is finite, therefore, the number of subsystems is also finite and discrete. For any member of the ensemble there is a number k of subsystems in the temperature range T ± ΔT , where ΔT is arbitrarily selected. The ensemble mean of the number of subsystems in this temerature range is k . This clearly depends on T . T 0 is the ensemble mean of the temperature of all subsystems first averaged over the number of subsystems of each ensemble member. This is the same as the temperature average over all the subsystems of all ensemble members. The more subsystems in the whole ensemble have temperatures close to T 0 the closer to equilibrium the physical system will be since the macroscopic (large scale) properties of the latter are averages over the ensemble. Now, the following strong assumption is made:
where λ 0 = T 0 and β = 1/T = 1/λ. This condition effectively correlates the subsystems and may be the result of long-range interactions within the physical system. The case T = T 0 is rather special since, then, k = 1 and, on the average, there is only one subsystem at temperature equal to the average one (i.e., in the range T 0 ± ΔT ). The probability distribution for encountering exactly k subsystems in the temperature range T ± ΔT inside one ensemble member is Poissonian,
If the ensemble members are thought of as parading in front of an observer then the probability for encountering the first α subsystems at temperature T within the ensemble will be given by the Gamma distribution
with first moment α/λ 0 . Clearly, α = 0, 1, 2, .... Given α, Eq. (5) is a distribution in β. Upon rescaling λ by dividing it by α and multiplying Eq. (5) by α the modified Gamma distribution,
with first moment 1/λ 0 is obtained with 1/λ as the independent variable. This is the same function as the one produced by Wilk and W lodarczyk [2] starting from the Lévy distribution. At this point a parameter q is defined such that
where α 0 is the number of subsystems encountered in the range T 0 ± ΔT in the whole ensemble. The case α 0 = 0, leading to q → ∞, can be excluded as uninteresting. If α 0 = 1, resulting in q = 2, there is only one subsystem at T 0 . Then the physical system is far away from equilibrium. If α 0 → ∞, meaning q → 1, the system is at equilibrium. Eq. (3) then implies that k = 1. On the average there is only one subsystem in an ensemble member at T = T 0 . This subsystem must, then, be the whole ensemble member. The accessible range for q is, thus, 1 ≤ q ≤ 2.
To derive the Lévy distribution the inverse steps of Ref. [2] are taken. A variable ξ is defined by means of the equation
If each subsystem is attributed a Boltzmann-Gibbs factor, exp(−x/λ), in a variable x which could be the energy of an object in the system, then the expectation value of this factor over the distribution given by Eq. (6) is
Even though for a particular ensemble member 1/λ cannot cover the entire range [0, ∞] this is certainly possible over the ensemble. Finally the substitution
which, by means of Eq. (7), gives the unnormalized equivalent of Eq. (1). In this derivation the finiteness of the system and subsystem sizes has been important in order to assume a (discrete) Poissonian distribution for k. For the distribution in Eq. (10)to be normalizable q must be strictly different from 2, i.e., 1 ≤ q < 2. If the first moment of this distribution must be finite (i.e., q ≤ 3/2) then complete equilibrium cannot be reached.
Conclusions and Perspectives
We have seen that the condition of partial statistical equilibration in a finite-size system of the type pertaining to Eq. (3) leads to a Lévy distribution that generalizes the Boltzmann-Gibbs statistics. Long-range correlations among the internally equilibrated subsystems are important and give rise non-extensivity of the system. The parameter q that characterizes this situation is related to these correlations and to the number of internally equilibrated subsystems in the viscinity of T 0 . It is certainly interesting that the very complicated dynamics of such systems may be effectively described by a twoparameter statistical distribution, the parameters being T 0 and q. In relativistic heavy ion collisions the transverse momentum spectra of produced particles is often described in terms of a Boltzmann-Gibbs distribution from which the temperature of the source may be deduced. It is assumed, however, that this temperature is well defined [18] and deviations from the Boltzman-Gibbs factor in the transverse energy can be attributed to the presence of flow. If there are temperature fluctuations of the type discussed in this article, however, then the distribution should be described by the average temperature and the non-extensivity parameter. A two-parameter fit will, then, lead to an average temperature that differs from the one usually extracted, providing another possible source for deviations from the exponential law. Analysis of heavy ion collision data [19] points in this direction.
